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CHARACTER THEORY AND ROOTED MAPS
IN AN ORIENTABLE SURFACE OF GIVEN GENUS:
FACE-COLORED MAPS

D. M. JACKSON AND T. I. VISENTIN

ABSTRACT. The character theoretic approach [5] to the enumeration of rooted
maps in an orientable surface of arbitrary genus is extended to 2-face-colorable
rooted maps. In particular, we show that there exists, for each genus, a corre-
spondence between the set of 2-colored triangulations and a set of 2-colored
rooted maps of all lower genera with a distinguished subset of vertices.

1. INTRODUCTION

A previous paper [5] was concerned exclusively with the combinatorial inter-
pretation of products of pairs of permutations, one of which is a fixed point free
involution, in which information has been retained about their number of cy-
cles. It was seen that an appropriate context is the embedding of rooted graphs
in orientable surfaces. It is therefore natural to seek an analogous combinato-
rial interpretation of products of pairs of permutations with no such restriction
and, more generally still, products of a finite number of them, with a similar
retention of information about the number of cycles in each.

In §2 we define a permutation system, an extension of the rotation systems
used in [5] to a product of a finite number of prescribed conjugacy classes, and
give their connection with embeddings of 2-face-colorable maps. Throughout
this paper, all surfaces are oriented and without boundaries. Generating func-
tions for certain subclasses of these maps are derived in §3. Factorizations for
permutation systems are given in §4 and are used in §5 to obtain two bijections.
These are between rooted 2-colored maps with all root-colored faces having de-
gree r and 2r-face-regular maps and between 2-colored rooted triangulations
and 2-colored rooted maps.

Necessarily, extensive use is made of character theoretic results stated in [5].
However, references to this paper have been confined, in the main, to the proofs
of a few character theoretic results on which this extension rests. Notation and
terminology are those used in [5], to which the reader is therefore referred for
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basic definitions, such as those for embeddings and rotation systems, which are
not duplicated here. For further details concerning combinatorial topology,
the algebra of symmetric functions and representation theory, the reader may
consult [3], [6], and [7], respectively. The notation which is used throughout
the paper is given below.

For an integer n > 0, we write 6 ~ n to indicate that 6 is a partition
of n. The partition (p,...,p)}F kp is denoted by [pk]. The conjugate of
6 is denoted by §. For &/ C /" ={1,2,...}, I1, denotes the set of all
partitions with no part not in &/ . The set {6 + n} is a natural index set for the
conjugacy classes of &, , the symmetric group on n symbols. The conjugacy
class corresponding to 6 is denoted by %, . The order of % is h = n! g(0)
where g(8) = [1,..,(i"m)™".

The group algebra of &, over the complex field C is denoted by CS&, .
Multiplication of permutations is carried out from right to left. A permutation
in S, is p -semiregular if its cycle-type is [pk]. Occasionally, we drop the
prefix and refer to such permutations as semiregular.

)(0 denotes the irreducible (ordinary) character associated with %, and xg
denotes its value at any element of & where o, § - N. We adopt the con-
vention that the character associated with the empty partition is identically 1
and that xf =0 if |0]| # |a|. The degree, fﬂ , of the irreducible representation
indexed by 6 is equal to Xfl,v].

The rising and falling factorial functions are, respectively,

)" =x(x+1)(x+n-1)

and
(x),=x(x-=1)(x=n+1).

Finally, Hy(x) denotes the polynomial [T,/ (x — i+ 1) .

Throughout, u, x, y, z are commutative indeterminates. M, (u, x, y, z)
is the generating function for rooted maps with respect to genus and the numbers
of vertices, faces, and edges marked, respectively, by #, x, y, z and having no
faces of degree not in ./ . Let €, denote a prescribed fixed point free involution
in &,,. Then R (x, y|z) is the generating function for the rotation systems
v € 6,, with respect to the numbers of cycles in v, ve,, and n marked,
respectively, by x, y, z, such that ve, has no cycles of length not in &/ .

2. PERMUTATION SYSTEMS AND THE GROUP ALGEBRA

Let p be a positive integer. Then o = (g, ..., gp) € 6‘,1, 1S a permutation
system for m € &, of type (1, ..., tp) and order p if m = g, 8, and ¢,
is the number of cycles in g fori=1,...,p. Weshall referto ¢, +---+ t
as the number of cycles in a. For y - N, let ¢,(t,...,1,) be the number
of permutation systems of type (¢, ..., 1,) for an arbitrary but fixed n € %W .
The generating function A(uf’)(xl seees X,) for c,/,(tl seees b)) is given [4] as

follows.
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Theorem 2.1.

\ 9.6
A (s X)) = 55 D0 S a Hy(x) - Hy(x,).
OFN

We note in passing that AEII,).](x) = x" and, more generally, that Af,,l) _

x'¥) | where y + N, and that A;fﬁl(x, y) = (x»)™ . These are immediately
verifiable through the combinatorial interpretation of permutation systems, and
with the aid of Theorem 2.1 they may be rewritten immediately as character sum
identities. Theorem 2.1 can also be used [4] in conjunction with the material of
[5] (§3) to give, for example, the number of ways of expressing a permutation as
a product of a specified number of full cycles and transpositions (not necessarily
adjacent ones).

A permutation system of order 2 is a generalization of a rotation system, so
[5, Theorem 3.2 and Corollary 3.5] the generating function for rooted maps may
be expressed as follows in terms of A% and the operator Q on Q[[x, y, z]]

2"
defined [5] by

2 0 -1 -1
Q flx,y,z)=2u za—zf(xu Jyu , fzu).

Theorem 2.2.
(1) M, x,y,2)=QR,(x,y|2),

n

z" 2
(2) R, (x,y]2) =3 A (x, ).

n>0 "

A permutation system (p, o) on a finite set % , such that the group generated
by o and p is transitive on %, is called a hypermap [2]. A hypermap is
therefore a generalization of a rotation system since the condition that one of
the permutations be a fixed point free involution no longer applies. Walsh [10]
exhibited a bijection between hypermaps and edge-labeled bipartite maps. This
we give in its dual form after the following definitions.

A p -face-colorable map is a map whose faces may be assigned colors from a
designated set of size p, called the color set, such that no edge separates faces
of the same color. A p-face colored map is a p-face-colorable map with a
permissible assignment of faces to colors. For example, the four color problem
states that every map on the sphere is 4-face-colorable. For a rooted face-
colored map, the color assigned to the root face is called the root color. For
a 2-face-colored map, we may refer to the other color as the nonroot color.
For a 2-face-colored map, interchange of the root-face-color corresponds to the
reversal of the direction of the root edge.

Let & be a rooted 2-face-colorable map, with edge set E(9) ={1, ..., n},
embedded in an orientable surface X. Directions are assigned to the edges of &
so that the edges of the boundary of each face are directed consistently with the
root edge. For each vertex v of &, we specify a cyclic list of origins of edges
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FIGURE 1. A 2-colored rooted edge-labeled map

encountered in traversing the boundary of a small disc, centered at v, in a sense
specified by the orientation of X. This partitions {1, ..., n} and represents
a permutation v € &, . For each root-colored face f of £ we specify the
edge labels encountered in traversing its boundary in a sense consistent with
the orientation of X. This partitions {1, ..., n} and represents a permutation
¢ € 6,. The corresponding permutation for nonroot-colored faces of & is
denoted by €. The following bijection is the dual of Walsh’s [10].

Proposition 2.3. Let & be a 2-face-colored rooted map on n edges. Let v, €, ¢
be the permutations associated with & by the algorithm described above. Then
Z corresponds uniquely to the hypermap (v, e€). Conversely, each hypermap
(v, €) corresponds to a unique 2-face-colored map, up to a permutation of the
color set. Moreover, ¢ = ve.

The cycles of € are called the hyperedges, and those of ¢ the Ayperfaces, of
the hypermap (v, €).

For example, Figure 1 gives a 2-colored rooted edge-labeled graph & . The
root edge of & is labeled 1. The directions of the edges labeled 2, 3,...,9
are induced by the direction of the root edge. Clearly, v = (2)(53)(7619)(48),
€ = (12389)(4567), and ¢ = (125)(34)(6)(78)(9). The corresponding hyper-
mabp is therefore ((2)(53)(7619)(48), (12389)(4567)).

Lemma 2.4. For each rooted map on n edges there correspond t'(n) = (n — 1)!
edge-labeled rooted maps.

Not every (v, €) € Gf, corresponds to a hypermap, since v and € may
not generate &, . However, a combinatorial description can be given to every
element of &, . To this end, for p,0 € &,, let ||p, g| denote the number
of orbits of the group generated by p and o. For any ¥ C .7, and any
Sy, C A let 9?;{' ** be the set of all ordered pairs of permutations (p, o)
on the elements of # such that p has no cycles of length not in % and o has

no cycles of length not in %7, . Let (7;/"'% ={(p, o) eﬁ?“%: lp, a| =1}.
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Corollary 2.5. @f‘ s in 1-1 correspondence with @’,f/' 2 where the latter is
defined as

n
A, , S, .
U{{(plaa])a---a(pmvam)}:aje‘j]l 2’.]=1,--'5m;

ST AYAR

Proof. For (p,o) € 9";{"% let & be the group generated by p and o.
Suppose that & has orbits A5, Let p ; be the permutation formed
by the product of the cycles of p which act on cf] ,for j=1,...,m. Let o
be the permutation formed by the product of the cycles of ¢ which act on Ji ,
for j=1,...,m. Then {(p,,0)),...,(p,,0,)} e@;“/"%. Let w be the
mapping

i P = @ (p, 0) = {(py5 0)), s (P 9}

Since (p,, a,),...,(p,,, 0,,) all act on different sets, the produc;t(s p=p -
p,, and ¢ = g, -0, are uniquely determined, and (p, o) € £/ 2 Ttisa
straightforward matter to check that w is bijective. O

We conclude with a result which expresses important combinatorial informa-
tion as a character sum.

Lemma 2.6. Let ¢,v, ¢+ N. Then

(1) EAAAR hhh¢z — X AA
6-N
(2) SR = £ H(x)
aFN

Proof. Direct from [5, Proposition 2.5, Lemma 2.6, Lemma 3.3]. O

3. GENERATING FUNCTIONS

Let &, %, C/ ,andlet x, y,, y,, z be independent commuting indeter-
minates. Let 9”% , (x,¥,,¥,]z) be the generating function for permutation
systems (v, €), of order 2, in which ve has no cycles of length not in &/ , €
has no cycles of length not in %, and x, y,, »,, and z mark, respectively,
the numbers of cycles in v, ve, €€, ,and n.

Similarly, let CMl o, (u, x,¥,,¥,,z) be the generating function for rooted
2-face-colored maps with no root-colored faces of degree not in ./ , no nonroot-
colored faces of degree not in %, and in which x, y,, y,, z mark, respec-
tively, the number of vertices, faces of the root color, faces of the nonroot color,
and edges; « marks the genus.

In view of Lemma 2.4 and the Euler-Poincaré formula, it is convenient to
introduce the mapping ©, defined by

©,(x'y]yz" [kt = X'y yR 2 Ut TR (),
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extended linearly to Q[[x, y,, y,, z]]. We shall apply this only when i, j,, j,,
k count, respectively, the vertices, faces of the root color, faces of the nonroot
color, and edges of a map so 2+ k — i — j, — j, = 2g where g is the genus
of the map. The action of ©, on f € Q[[x, y,, ¥,, z]] can be represented
differentially by

2 0 ~1 —1 -1
., f(x,y,y,,2)=u 25;f(xu S VU YU, ZU).

The operator ©, corresponds in the 2-colored rooted map (hypermap) case to
the operator Q , defined in §2, for rooted maps.

Lemma 3.1.
2
(1) C“Wl"%(u axaylayzsz)ze IOgPM,M(X,yl,yﬂZ),
¢ 1(4) I
(2) PM,%(x,yl,yﬂz):Z Z oy "k CZXME
n>0 ! ¢enﬁ, 6Fn
eel'ly

Proof. (1) It follows from Corollary 2.5 that logﬂ’wl o, is the generating func-
tion for edge-labeled 2-face-colored maps with the face restrictions specified by
&, , &, . Thus, from Proposition 2.3 and Lemma 2.4, the generating function
C o, s, (u,x,y,,¥,,z) forrooted 2-face-colored maps is given by (1).

(2) By definition,

P

K V0|2 =D ZZ Y X eE nE,).

n>0 ! vkn ¢ell, sel'l
The result follows from Lemma 2.6. O
Proposition 3.2. M, (u, x,y,, z2y2) = C{z}y(u, X,V Yy 2).

Proof. Given a rooted map, replace each edge by a digon. This operation is
reversible and does not affect the genus. O

To illustrate the methods of both this paper and [5], we include an algebraic
proof of this result.

Proof (an algebraic proof of Proposition 3.2). Let
!
Ty, v) = 30 KV ST alxl Hy(x) .

eell, 6+2n
Then, from Lemma 3.1,

0
C{z},o/(l X, yl,y2|z)_z(9 logP{z) (x,yl,yzlz)
2n
gz (2’1'2””"] (xayz)

_ ano(zz"/an)' W1 /2" (n = DI, (x, )
Taso(2 /RN /2" N T (X, y,)
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Similarly, from [5, Corollary 3.5(2)],

n

0 z
M,1,x,y,2)= ZZEIOg'Z_%WJM(X, y)

_ L2272 @) (n - YT, (x, ¥)
Enzo(zn/zn(zn)!n!).fy(x, ») )
Thus

Tuso(2Y5 /2" @m) (n = DT, (x, y,)
Yuso(Z V512" 2n) ), (x, y,)

The result follows by duality, once the appropriate substitutions have been made
to recover the genus. 0O

2
M, (1,x,y,,2y,) =

The next corollary gives the generating function PMI o, for some combina-
torially useful choices of ./ and %7, .

Lemma 3.3.

(1) Py ,x. v, 0,02) = Z

Z WS A Hy () Hy(vy),

n>0 d)él'l 6+-n
(2) P/V,/V(Xayl,yzlz)=z 2 (yl)Hg(yz),
n>0 ! Gi—n
() Py .y 0,l2) = Z Zfax[,,] Hy(v,),
? n>0 (pn p Yl' 6+pn
(4) P{p} {q}(xa yl,y2|2)
o m n y;n N Z )
Z m,n X'"Z"X mn"H(-x’
”>0 ) 2 (m n 0 . [q ] [p

where m = lem(p, q), m; = m/p, m, = m/q, and p and q are positive
integers.

Proof. Direct from Lemmas 3.1 and 2.6(2). O

Under certain circumstances there are symmetries between the arguments x,
Yy, ¥, of PJ/. ,%(X’ Y, ¥,|z) and therefore the same arguments of CM. e
These are evident combinatorially as well as algebraically from Lemma 3.3.

Proposition 3.4.

(1) Cp pu,x,¥,¥,,2) is a symmetric function in X, y,, ¥,;
(2) CM U, x,y,,9,,2) isasymmetricfunction inx, y,;
(3) Cg{ M(u X, y19y2sz) y M(u X, y2sy1’ )
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In principle, it can be checked that [uzg 18,logP, ,(1,1,1|z) indeed
gives the specializations of the known results for the sphere [8] and the torus
[1], with g =0 and g =1, respectively.

4. FACTORIZATIONS

In this section we make use of factorizations of evaluations of xo at semireg-
ular elements to obtain factorizations of the generating function for permutation

systems. For this purpose, let H (x) = H1<z<1(9)( —Jji+ j)’ " . The main
result for this purpose [5, Lemma 4.8] is the following.
Lemmad4.1. Let IT, denote the set of all k-tuples (0('), e H(k)) of partitions

whose weights sum to n, and let %, , be the set of all 8 + kn such that
x&n] # 0. Then there exists a bijection

Ak:‘%’k,n-—’nk,n

such that
(J)
Xtk = £n! H X[b"f]
for 6 € B, ., the sign depending only on 6, where A, (6) = (0“) y s 6("))
and n; = 10Vp~"
Moreover,

I’} 0(1) 0(2) 0(")
H(x)=H, (x)H, (x-1)---H, (x-k+1).

Many factorizations for permutation systems may be obtained. The one
given relates to semiregular permutations and is used in §5 for combinatorial
purposes.

Theorem 4.2. Let

lprr
- " 2 yy,)" (x x+1 x+p—1>
Alx,y,, 2=§ AP - — ., — ] .
(x5 715 7212) = n!'r" "I\p’ p p

Then

Poy o ¥ 12) = A,y 9y 2) - Alx—p+ 1, ), 1,1 2).

Proof. Forbrevity, let a denote the generating function P, (X, ¥, ¥,|2).
Then from Lemma 3.3(4)

prn rn_n

Yi Vs
a= —_——— ’ﬂH
Zp ) (rp)"n! > X[(pr)lxlp] p(X).-

n>0 Oprn

By applying A, and by rearranging the sum we have, from Lemma 4.1,
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eI (o z
- p""(rn)! (rp)"n! Siseees S JNIS;y . uu s IS
n>0 : s yere s 5,20 12 > °p 1 > p
Syt ts,=n

ZHfH(J)X[or(SJJ] pe(l) x_J+ 1)

where the third summation is over all (0“) Y eens 6% )) such that 8Y) + rs; for
j=1,...,p. Thus

a=A(x,y,,y,0z)Ax-p+1,p,,¥,|2)

where
LP101,101, 161/

Y YV, 0 0
Ax,p,,v,12) = ! £y o HY ().
v 2 gy gy e

|6]=0 mod r
The result now follows by rearrangement of the series. O

The two specific instances of Theorem 4.2 which are given in Corollary 4.3
have been selected since they lead to bijections between natural classes of rooted
maps.

Corollary 4.3. Let

2
(X) {r}/V( ,%yZ,%X“*‘l)!ZZyl),

T(x)=P, ,(3x,3(x+1), %(x+2)|3z3yly2).
Then
(1) Pay (s 71 ¥,12) = U)U(x = 1),
(2) P{3},{3}(x, Vi, Y,12)=Tx)T(x - )T (x - 2).

Proof. (1) When p =2 then

" 2
A(X,yl,yz|2)=P{,},/V(%x> %yza %(x+l)|22 yl)

and (1) now follows from Theorem 4.2.
(2) When p=3 and r =1 then

A, 9,12) =Py (5x, (x +1), §(x+2)[32°y,p,)

and (2) follows from Theorem 4.2. O

5. FACE-COLORED MAPS OF ARBITRARY GENUS

We are now in a position to give combinatorial applications of the factoriza-
tions for permutation systems.
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Corollary 5.1. Let C};:),%(x, VisVys Z) = [uzg]CM] %(uz X,V ¥y, 2). Then

2 2
(1) Moau x,y,2)=3C, (4", x+u,y,x,2)
+%C{r},/t/(4u23~x—u’y’x’2)’
14 i 2g-2i
(g) 4 3 i
(2) M{zr}(x,yaz) Z (zg 21)' 3x2g —2i {r} /V(x y|5y2’ ) Y,y ‘

Yy x

Proof. (1) From Lemma 3.1

0 -1 -1 -1
C{z} {2,}(14 X, V(> Yy,2)= u* za logP{2} {2r}( SV UL yu, ZU).

Let C{z}’ 2n denote the left-hand side of this equation. Then, from Corollary
4.3(1),

0 —1 —1
Coy. {2r}—“ 257 log P,y LOxu™ y,u

L 1) 22%up)

-1 -1

2, 0 -
+u'zo—log P,y LG =), byt xum 22%uy)).

Let 1ng{r},/lf(x’ Yi>¥,12) :Z, i k20604, Ly, kxly{lyjzz /k!. Then

2k
Z Z k2k Jy= 12+l k—ji—Ji+2_ J,

C ci’jl’jZ’k(-k—l)!yl y2

{2}.{2r} — i 5 k0
(o ) 4 (x - u)'x)
= %C{,}’/,,(4u2, X, Yy, X+, zzyl)
+ %C{r},/,/(4u2, X—U, Yy, X, 2°Y))

since ¢; ; Jy ok /(k — 1)! counts rooted maps of genus g where 2g = k — i —
vy dys
Jy — J, + 2. The result now follows from Propositions 3.2 and 3.4.
(2) This is immediate from (1). O

The result [5, Corollary 5.2] indicating a bijection for rooted quadrangula-
tions of arbitrary genus is recovered by setting r = 2 in Corollary 5.1 and using
Proposition 3.2.

Setting g = 0 gives a generating function equation indicating a bijection
between rooted 2r-face-regular maps on the sphere and rooted 2-colored maps
on the sphere such that all root-colored faces have degree r. This bijection is
a modification of the construction for the medial (e.g., [5, §5]). Let u be a
2-colored map with all the faces of one color (white) having degree r. Now
put a new vertex in each of the faces of the other color (shaded). Connect the
new vertices to each of the vertices in the boundary of their faces. Remove the
edges of u to obtain a new map x" . This map is 2r-face-regular. An example
is given in Figure 2 for the case r = 3.
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white faces have degree 3 6-face-reqular
FiGURE 2. Example of the modified medial construction

Corollary 5.2.
2 2 3
3C{3}’{3}(u s Xy V13 Yy,2)=Cyp (U, x, X +u, X+2u,zyy,)
+C/V’/V(9u2,x—u, X,Xx+u, z3y1y2)
+C/,/’/,,(9u2,x—2u,x—u,x, z3y1y2).

Proof. Let C{3}’{3} denote C{3}’{3}(u2, X,¥,¥,, z). Then from Lemma 3.1
and Corollary 4.3(2),

20 -1 -1 -1
C{3},{3}=u zalong’{n(xu S YU, yu | zu)

= uzza—z—logP/,/’/,/(%xu_l , %(xu_l +1), %(xu_1 +2)|3z3uyly2)
2 0 1 -1 1 -1 -1 3
+u za—zlogP/V,/,/(g(xu - 1), 3xu ", 3(xu " +1)[3z7uy,y,)
2 0 1 -1 1 -1 1 -1 3
+u z&logl’/%/(g(xu =2), 3(xu " —=1), 3xu [3z7uy,y,).

i Gy oy k
Let logP, ,(x,y,¥,|2) = Zi’jl’jz’kzod,.’jl,jz’kx'yf‘yézz /k!. The proof
is completed in a way analogous to that of Corollary 5.1. The details are omit-
ted. O

When g =0 we obtain a generating function equation corresponding to the
known bijection [9] between rooted 2-colored triangulations on the sphere and
rooted 2-colored maps on the sphere. An example of this bijection is given
in Figure 3 and is defined as follows. Let u be a rooted 2-colored map. The
image of u under this bijection is the union of the dual 2 of x4 and the medial
u” . To see that this is invertible, it is sufficient to note that the root vertex of
QU u” is the root vertex of u. Since 2Uu" is bipartite, the block % of the
associated vertex partition of 4ZUu" not containing the root vertex is the vertex
set of . Thus 4 is recoverable as the subgraph of iU u” vertex-induced by
% . The remaining edges of 4 U u" are the edges of u*, and u and its root
edge are recoverable.

Tutte [9] used the term bicubic for the duals of 2-colored rooted maps and
used the bijection for the sphere in an early approach to the enumeration of
planar maps.
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union of
dual and medtal
dual \
(J

\ /

medial
b
a
Legend:
@ rootofp 2-colored
O vertex in face of p triangulation

FIGURE 3. A 2-colored map and the corresponding
2-colored triangulation

6. CONCLUDING COMMENTS

Decompositions of rooted maps in surfaces of arbitrary genus are uncommon.
It would therefore be of interest to have purely combinatorial explanations of
Corollaries 5.1 and 5.2, particularly in the light of [5, Corollary 5.2].

There may be a natural combinatorial interpretation of permutation systems
of order greater than two.
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